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SUMMARY 
This study develops a methodology for determining 
the minimal annual cost condenser (amortized equipment cost 
and operating cost) for an air conditioning system. First 
the condenser and A/C system are modeled so that the system 
coefficient of performance can be evaluated as a function of 
the condenser design parameters: air flow area, number of 
fins per inch, fin depth, working fluid saturation tempera-
ture, air inlet temperature, and air velocity. 
Secondly, the model is combined with an economic 
analysis in order to minimize total cost. This allows the 
optimal air velocity and condenser configuration to be found 
for various combinations of energy cost and annual hours of 
operation. The methodology is applied to the solution of 
optimal condensers for several locations in the United States. 
The results indicate potential savings are possible 
in selection of the condenser configuration and air velocity. 
However, the savings associated with optimizing the config-
uration are generally small since it is shown that the 
configuration can deviate from the optimum over quite a wide 
range without affecting the total cost significantly, i.e. 
there are any number of condenser configurations that are 
nearly equal in cost-effectiveness. 
Of much greater importance in reducing the cost 
xi 
(operating cost) is the air velocity. The study shows 
that, in general, A/C units should be operated at signifi-
cantly higher velocities than is the common practice. The 
model predicts reductions in operating cost ranging from 5 
percent to over 50 percent for typical units currently on 
the market by increasing velocity to the optimal value for a 
given configuration. This velocity optimization is applicable 
to existing A/C units by changing only the condenser fan 
system. 
The study's results are embodied in a few key equa-
tions describing the system coefficient of performance and a 
number of curves and tables which are intended as a guide and 
reference for the technical designer and interested customer. 
Xll 
NOMENCLATURE 




A frontal area of the condenser (ft ) 
2 
A,- total fin surface area (ft ) 
2 
A. inside tube surface area (ft ) 
2 
A total air-side heat transfer surface area (ft ) 
2 
A/Q opt optimal condenser frontal area per ton (ft /ton) 
as shown in Appendix D 
2 
A. outside tube surface area (ft ) 
a a constant dependent upon mode of air flow 
through heat exchanger 
b exponent on Reynolds number, dependent upon 
geometry and regime of flow field 
C£ average friction coefficient. By definition 
Lf " - 1 pv 
COP,-™ conventional coefficient of performance for the 
compressor 
COP A/C system coefficient of performance. Includes 
compressor and heat exchanger fan work rate 
C specific heat of air at constant pressure 
P (Btu/lbm-°R) 
Crm̂ -r annual operating cost of A/C system per ton of 
o p e r cooling ($/ton) 
C _ capital cost of A/C system ($) 
L. dp 
C amortized cost of A/C system ($) 
CT total annual cost--annual operating cost plus 
amortized incremental cost of the condenser on a 
per ton basis ($/ton) 
Xlll 
Refers to: 
hydraulic diameter. By definition: 
n = A flow cross-sectional area 
H wetted perimeter 
DR s 2/n (in) 
compressor effectiveness (efficiency) 
condenser fan efficiency 
average heat transfer coefficient for air in a 
duct of infinite length (Btu/ft2-sec-°R) 
average heat transfer coefficient for air 
corrected for entrance effects in a duct of 
finite length (Btu/ft2-sec-°R) 
average heat transfer coefficient for refrigerant 
in a tube (Btu/ft2-hr-°R) 
mass flow rate of air through the heat exchanger 
(lbm/sec) 
Prandtl number for air 
heat flow rate from condenser to air (ton) 
heat flow rate from air to evaporator (ton) 
Reynolds number based on hydraulic diameter 
air inlet temperature to condenser (°R) 
air exit temperature from condenser (°R) 
refrigerant saturation temperature in condenser 
(°R) 
refrigerant saturation temperature in evaporator 
(°R) 
fin gauge thickness (in) 
overall heat transfer coefficient for condenser 
(Btu/ft2-sec-°R) 
air face velocity at condenser (ft/sec) 
optimal air velocity (ft/sec) 
CHAPTER I 
INTRODUCTION 
As of 1968, an estimated 3.4 percent (4.915x10 
Btu/yr) of the electricity generated in the United States 
was consumed by the residential air conditioning sector. 
Furthermore, this consumption grew at an annual geometric 
rate of 14.6 percent for the period 1960-1968 [31]. Assuming 
continuation of this growth rate from 1968 to the present, 
an estimate of 1975 energy consumption for residential air 
conditioning is 1.3x10 Btu/yr (7x10 barrels/day). 
Taking into account the highly seasonal demand for air 
conditioning, the consumption during the summer months is 
about 2.1 million barrels/day. Total daily energy consump-
tion in the United States is about 17 million barrels/day. 
Thus, in the summer, residential air conditioning accounts 
for about 12.3 percent of total daily U. S. energy consump-
tion. 
In 1968 the energy consumption for commercial air 
conditioning was slightly more than double that for the 
residential sector [31]. Although most large units in the 
commercial sector use water tower cooling methods (to which 
this study does not apply), it is clear that energy consump-
tion for standard vapor-compression air conditioning is 
2 
significant. 
Even small percentage reductions in this energy 
usage can result in large savings. Taking the 1.3x10 
Btu/yr for the residential sector, a decrease of even 1 
13 percent in consumption would save 1.3x10 Btu/yr and, at 
a rate of 1.Of/1000 Btu (2. 9<£/kw-hr) , a savings of $130 
million/yr. The incentive for increasing the efficiency of 
residential air conditioning systems is apparent. 
Of the several components comprising an air condi-
tioning system, any one, or a combination, might be chosen 
for special consideration. This study is restricted to the 
condenser and the optimization of its function in the system. 
Basic Operation of the Vapor-Compression Cycle 
To familiarize the reader with the air conditioning 
system being studied, a brief explanation of the cycle 
operation and system follows. 
The vapor-compression cycle is the most widely used 
air conditioning cycle. A schematic diagram of a typical 
vapor-compression air conditioning system is shown in 
Figure 1. The system consists of the following major 
components: compressor, condenser, evaporator, expansion 
device, and fans. The first four items listed comprise a 
closed loop in which a fluid alternately evaporates and 
condenses, with the intervening processes being compression 












Figure 1. Schematic Diagram of a Vapor-Compression 
A/C System 
4 
passes that produces the desired cooling effect. 
Boiling fluid at low pressure and temperature in the 
evaporator absorbs heat from air which is passed through the 
evaporator heat exchanger. The resulting vapor is then 
compressed to high pressure and temperature and enters the 
condenser. In the condenser, the hot vapor gives up its 
heat to air flowing through the heat exchanger. As the vapor 
gives up heat it condenses to a liquid and flows to the 
expansion device. The pressure drop across the expansion 
device allows the liquid to expand rapidly and partially 
vaporize with a drop in temperature. The cool fluid enters 
the evaporator and the cycle is complete. 
The major energy flow rates into and out of the 
system are the two heat flows at the heat exchangers and the 
mechanical power inputs at the compressor and fans. These 
energy flow rates are also shown in Figure 1. 
The corresponding ideal and actual cycles for the 
vapor-compression cycle are depicted in Figure 2. The numbered 
points on the cycle correspond to the numbers in Figure 1. 
In actuality, the so-called ideal cycle is not ideal thermo-
dynamically in that the entropy increases during the 
expansion process. The essential differences between the 
actual and ideal cycles are 
(1) Pressure drops across the heat exchangers due 
to refrigerant flow losses in the tubes. 
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Figure 2. Actual Vapor-Compression Cycle 
Compared to Ideal Cycle 
condenser to ensure 100 percent liquid entering the expansion 
valve. 
(3) Superheating of the vapor in the evaporator to 
ensure that no droplets of liquid reach the compressor. 
(4) Nonisentropic compression due to mechanical 
friction, valve pressure drops, and heat transfer. 
The condenser and evaporator are usually of the tube 
and fin type. An illustration of an air-cooled heat 
exchanger is shown in Figure 3. The refrigerant is circuited 
through the tubes to which are attached the fins. As the 
resistance to heat flow into the air is much greater than 
that of heat flow from the refrigerant fluid, the air-side 








Figure 3. Tube and Fin Heat Exchanger 
7 
the heat transfer. Air drawn between the fins by the 
action of the fan is either heated or cooled as the case 
may be. 
Literature Survey 
As the vapor-compression cycle and air conditioning 
system (Figure 1) have been in use for many years, a large 
volume of research and study has been conducted on the 
separate components of the system. The literature on heat 
exchangers is extensive. One of the most complete studies 
was conducted by Kays and London [18]. Over a period of 
15 years they compiled a large amount of experimental heat-
transfer and flow-friction data for over 90 different 
compact heat exchanger configurations. However, data on 
the tube and continuous plate-fin exchanger of interest here 
was confined to only two specific configurations. Their 
work did not involve any optimization of the heat transfer 
surfaces. 
Other investigators have studied the tube and 
continuous fin heat exchanger. Shepherd [28] experimentally 
tested one row-coils as the fin spacing, fin depth, tube 
spacing and location were varied. He found that the air-
side heat transfer coefficient, for a given face velocity, 
increased only slightly with fin pitch. The coefficient 
decreased as fin depth and tube pitch increased, other things 
being equal. Rich [24] studied the heat transfer and 
8 
friction performance of multi-row coils as the fin spacing 
was varied. He found that the air-side heat transfer 
coefficient and friction factor were independent of fin 
pitch over the range from three to fourteen fins per inch. 
This is due to the fact that the heat transfer was based on 
a boundary layer over a flat plate. Neither of these 
studies involved an optimization of heat exchanger parameters. 
McQuiston and Tree [22] optimized heat exchanger core 
geometries for the criteria of minimum volume and minimum 
face area heat exchangers at a specified heat rejection rate, 
air pressure drop, and air inlet conditions. The effect of 
fin and tube radius, fin thickness and spacing, and heat 
transfer coefficient on the exchanger volume per unit of 
heat transfer was studied. The minimal volume core was 
found to be very thin with a large face area, while the 
opposite was true of the minimal face area core. The flow 
rates and exit air conditions were practically the same for 
the two cases indicating that either of the cores would 
produce practically the same results in a given system. 
The most complete studies of heat exchanger optimi-
zation have been conducted for automotive air conditioning 
systems. Zahn [37] reports on a computer program developed 
at the York Division, Borg-Warner Corp. for optimizing 
automotive A/C evaporator coils. The program is set up to 
calculate either the size of the coil given specific 
operating conditions, or the core capacity given a specific 
9 
geometry, air in, and refrigerant leaving conditions. 
At fixed depth and fins per inch optimizations for the tube 
diameter and spacing with respect to face area and core 
weight are shown for the case where air pressure drop is 
not considered and for the case where it is assumed 
constant. Mention is made of the need to balance blower 
pumping cost with core cost, but no calculations are given. 
A maximum velocity of 10 ft/sec was taken to eliminate 
water blow-off problems. 
Conklu [10] describes a computer program developed 
by the Ford Motor Company for determining performance 
characteristics of automotive condenser coils. The air-side 
and refrigerant-film heat transfer coefficents are found from 
empirical formulas. The program calculates the steady heat 
rejection rate for a given core geometry, condensing 
temperature, and air inlet temperature and velocity. 
Alternately, it optimizes the condenser with respect to 
limits (selected by the designer) on a performance parameter 
for a specific rejection rate, condensing temperature, and 
air inlet conditions. Simulations of the heat rejection 
rate are within three to seven percent of test data. No 
mention is made of fan power requirements, nor are economic 
considerations addressed. 
Davis et al. [12] discuss work at the Chrysler 
Corporation where the entire refrigerant loop (condenser, 
expansion valve, evaporator, compressor) has been modeled 
10 
for computer simulation. The blowers are apparently not 
modeled. The program calculates the exchanger capacity from 
given air and working fluid inlet states, air mass flow rate, 
and coil geometry. The balance point to assure matched condi-
tions for evaporator and condenser side is also computed. 
Mention is made of optimizing system performance with respect 
to design loads and economic considerations, but no data is 
presented. The system simulation correlates well with test 
data. 
Schoonman [27] offers a good discussion of the economic 
optimization of a large multi-section aircooler system for 
industrial applications. His study includes an optimization 
of the heat transfer surfaces and consideration of capital, 
installation, and operating costs. He shows the savings 
gained by fan control. 
Very little information was found in the open litera-
ture dealing with A/C system performance of residential and 
room units. Wrench [35] discusses a number of areas impacting 
on system efficiency such as, type of compressor motor, 
compressor design, the path for circuiting the refrigerant 
in the coil, and the effect of coil design on fan power 
requirements, but offers little analytical data or methodology 
for improving performance. Hamilton and Pearson [15] indi-
cate desirable goals for system performance by comparing 
typical performance with that of an ideal system based on 
the ideal vapor-compression cycle. A simple model including 
11 
the efficiency of the electrical-mechanical drive processes 
for the compressor and fans is stated from which the COP for 
an actual cycle is computed. They conclude that there is a 
tremendous potential for improvement in present day equip-
ment. They do not attempt any optimization, nor do they 
suggest how this might be done. 
Objective 
First, the heat exchanger (condenser) and A/C system 
are modeled so that the system's coefficient of performance 
can be evaluated as a function of the heat exchanger design. 
The heat exchanger design variables considered are the air 
flow area (A), number of fins per inch (n), fin depth (X), 
working fluid saturation temperature (T ), air inlet tempera-
ture (T,), and air velocity (V). 
Secondly, the model of system performance is coupled 
with an economic analysis in order to minimize the total 
annual cost (amortized equipment cost and operating cost) of 
the system per ton of cooling. With the aid of the model and 
economic considerations, a parametric study is performed 
for a number of different annual hours of operation and 
electrical rates. This allows the optimal operating air 
velocity and minimal cost heat exchanger configuration to be 
specified for various combinations of these parameters. 
It is intuitively clear that the economic optimums 
indicated above exist. The compressor work can be reduced 
12 
by lowering the temperature of the condenser. Lowering the 
condenser temperature can be accomplished by providing a 
greater heat transfer area, i.e., increasing the frontal 
area of the heat exchanger while holding all other parameters 
constant. This will also increase fan power requirements. 
However, at some point the savings associated with a reduc-
tion in compressor work will be more than offset by the 
increased fan power. Also capital expenditure associated 
with the condenser increases eventually offsetting any 
savings in operational cost. Alternatively, for a fixed 
condenser configuration, the heat transfer rate can be 
increased by increasing the air velocity. It is advantageous 
to increase the heat transfer rate but, here again, this 
effect will be offset by the increased fan energy consumption. 
It is obvious there are trade-offs among various variables. 
It is the objective of this study to determine the trade-offs 
that minimize the system's total cost. 
The results of the study are embodied in: Equations 
(31)-(35) which are expressions for determining the total 
system coefficient of performance; Tables 1 and 2 which give 
nominal values (taken as constants) for various quantities 
in these equations; Equation (45) from which the system's 
total annual cost is evaluated; and the curves presented in 
the appendices which show the optimization of air velocity 
and condenser frontal area. The curves are intended as a 
guide and reference for the technical designer involved in 
13 
the manufacture and specification of A/C heat exchangers. 
The interested customer would also find the curves helpful 
in evaluating the effectiveness of the numerous A/C units 
currently on the market. 
14 
CHAPTER II 
ANALYTICAL MODEL OF THE CONDENSER 
AND AIR CONDITIONING SYSTEM 
In order to achieve the stated objectives of this 
study, an analytical model of the condenser and A/C system 
is developed from which the performance of the system can be 
evaluated with varying condenser designs. This model of the 
system's operating characteristics is then made use of in 
the economic analysis of Chapter III. 
In developing the model, the following procedure is 
taken: 
(1) State the basic assumptions underlying the model. 
(2) State the fundamental equations describing the 
various devices and processes in the A/C system. 
(3) Present the analytic expressions derived from 
the fundamental equations and discuss the insights to the 
system's performance as predicted by the model. 
Basic Assumptions Underlying the Model 
The formulation of the model is based upon the 
following assumptions: 
(1) Steady-state operating conditions. 
(2) Uniform refrigerant saturation temperature and 
pressure throughout the condenser and evaporator tubes. 
15 
(3) The heat transfer resistances of the desuper-
heated and subcooled regions in the condenser tubes tend to 
counteract each other's effect on the overall heat transfer 
coefficient of the condenser and are neglected. (This assump-
tion was made in the study reported by Conklu [10]. It was 
found that, over the practical range of condensing tempera-
tures, neglecting the above effects did not seriously effect 
the accuracy of the model in that predicted results were 
within three to seven percent of test results). 
(4) The thermal resistances of the tube material and 
tube-fin joints are assumed small compared to the heat 
transfer resistances of the air-film, refrigerant-film, and 
fins . 
(5) The exterior tube area is small compared to the 
total fin area. Therefore, the air-side heat transfer is 
based solely on the total fin surface area. 
(6) In considering the fan work, the air drag due 
to the tubes is neglected as small compared to the drag 
produced by the fins. 
Fundamental Equations 
The fundamental equations are derived from an analysis 
of the thermal and mechanical processes of the system at 
equilibrium. The theory of cross-flow heat exchangers is 
employed as well as standard methods for describing the 
mechanical devices such as the compressor and fan. (A 
16 
description of the symbols used in the following equations 
is given in the nomenclature.) 
An equilibrium energy balance on the condenser yields 
the following, 
Rate of heat rejected 
by the hot refrigerant 
in the condenser tubes 
Rate of heat absorbed 
by the air passing 
through the condenser 
In symbol form this can be expressed as, 
3c = mCP (W CD 
An additional relation making use of Equation (1) can be 
obtained from the equilibrium energy balance, 
-2U A Xn 
Trc-T2 = (Trc-Tl)exP(-Trc } 
P 
(2) 
where the heat transfer is based on the total fin surface 
area (see Appendix H for the development of Equation (2)). 
The mass flow rate of air is given by, 
m = pVA (1-nt) (3) 
where the factor (1-nt) accounts for the reduction of air 
flow area due to the fin material thickness. 
The overall heat transfer coefficient for the heat 
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exchanger is given by, 
A 
0 VT- » TT A 
u„ - ( I + _ 2 _ + . i i i — ) -
1
 ( 4 ) 
-_! 
-A, 
K A.K r- *t . .. 1 r h(T- + 40 
f 
1 A 
where — is the average air-film resistance; is the 
K A.K 
resistance due to the refrigerant-film; and 
-—-r— is the resistance for a non-ideal fin [1, page 12; 10] 
fiCx1 + 40 
To express the heat transfer from the fins to the air, 
Reynolds analogy is used. According to the analogy, heat 
and momentum are transferred by analogous processes. This 
relationship can conveniently be expressed as, 
2/3 = Ti Pr
2 / 5
 = ^f (s) 
2/3 where Pr ' is a modifying factor proposed by Colburn [9] to 
account for fluids with Prandtl numbers ranging from 0.6 to 
about 50. 
The friction coefficient is related to the flow field 
by, 
cf = TT <6) 
Re 
where the Reynolds number is based upon the significant 
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length scale for a specific flow situation and a and b are 
constants dependent on the flow geometry and flow regime. 
The condenser fan work rate is equal to the drag 
force exerted on the air by the fins times the air velocity. 
Introducing a fan efficiency factor, the fan work rate is 
given by 
ftfc = CfPV
3Xn A/E£c (7) 
In Figure 4 the actual vapor-compression cycle and 
corresponding Carnot cycle are shown on a temperature-
entropy diagram. The conventional coefficient of performance 
COP, based on the compressor work, 
COP = Q /W (8) 
com xe com ^ J 
can be expressed in terms of the COP for a Carnot cycle if 
it is modified by a factor, E , to account for nonisentropic 
compression and the behavior of actual refrigerants. The 
mechanical efficiency, E , of the compressor can be lumped 
with the cycle efficiency, E , to obtain the compressor 
effectiveness, E ,[7, Chapter 7], Hence, 
T 
COP = COPr . E E = f=—£S—) E (9) 




Figure 4. Actual Vapor-Compression Cycle 
Compared to Carnot Cycle 
With regard to the compressor it is assumed that the 
clearance volume is very small, therefore, the compressor 
pumping capacity is independent of the condenser saturation 
temperature for the condition of a fixed suction temperature. 
An energy balance on the entire refrigerant loop 
yields, 
6 = ft + 6 (10) 
<c com xe l -* 
The ratios of condenser and evaporator fan work rates to 
compressor work rate are defined as, 
K 










T 1 re 
T i re 
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e e = 7 ^ t
1 2 ) 
e w 
com 
A coefficient of performance for the total system, 
COP , including compressor and heat exchanger fan work rates, 
is defined as , 
COP, = Ratio of {ffffinfJ?ffe} 
s Total Input 
{Work Rate to} 
the System 
Symbolically this becomes , 
^e COP = - : (13) 
s w + w r + w r 
com fc fe 
The Analysis 
The basic equations presented in the previous section 
are now combined algebraically to yield an expression for 
COP (see Appendix H for details). With the 13 equations, 
13 of the variables can be eliminated. Initially, the 
following variables are eliminated. 
u a Cr w COP 
o f com com 
m Q Wr 3 xc fc c 
T0 Q Wp A 2 xe f e 
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T - B-M 
1 com re com 
^ ^ E£cRe
bC (l-nt)(TrC-T1)[l-exp(-k)] 
+ (1 + M [E ^T " W
J~] (14) 
com re com 
where 
* a*n/(l-nt) ^ r ^ ^ US) 
u ->/7 i A ap VC A b n ^ 2 / 3 r i , l-<j> n . _^ P o 
^^'^X^ + 2 E r A. 
A more useful COP expression can be obtained if 
T is eliminated and frontal area, A, retained. From the re 
fundamental equations this can be accomplished but the 
variable Q is reintroduced. Although the model does not 
consider the evaporator design, Q is an important quantity 
as the system's purpose is to produce a cooling effect. 
Hence, Q can be considered a fixed quantity for which the 
planner designs a particular system. The resulting COP 
expression is, 
22 
1 = aXn PV
3 A 
(i- "Hi-expC-k)] + pvc Au-ntJ 
+ (l+Be) * EJ^ (16) 
Ecom ^ 7 [l-«P(-k)l " pVCnT?Atl-ntJ 
where k is again given by Equation (15) . Equations (14), 
(15), and (16) yield the operational performance of the 
system model. The system's performance may now be evaluated 
in terms of the quantities and design variables appearing in 
(14) , (15) , and (16). 
Theoretical Analysis 
In this section consideration is given to the 
theoretical optimal design for the condenser first for the 
situation where no design constraints whatsoever are 
imposed and secondly for the criterion of a fixed-volume 
heat exchanger. The purpose for this is to gain insight 
into the COP expressions given in (14)- (16) and to be able 
to compare the theoretical optimal design with the analysis 
of real condenser design. 
The "Ideal" Heat Exchanger. For the immediate 
discussion, the complexity of (15) is reduced by assuming 
ideal fins (<J>=1) and a zero refrigerant-film resistance. 
Thus, the heat transfer coefficient is based solely on the 
air-side resistance, and (14) condenses to the following, 
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T 
aV2Xn(l + E £f— - ^ 1 - ) 
1 _ com r e com  
^ E f Re
bC ( l - n t ) ( T -T ) [ l - e x p ( . ' f f i j ) ] 
± c p r c x ReDPr / , 5 ( l - n t ) 
T 
+ (1+B ) [
 r c
T - T±-] (17) 
com r e com 
Suppose quantities at the evaporator are fixed, i.e., 
a constant cooling load and evaporator temperature. If no 
constraints (physical size, cost, etc.) are placed on the 
condenser heat exchanger, what condenser design would 
optimize the system's performance? In Equation (17) the 
following non-dimensional groups appear, 
1 _ V2 XT _
 Trc . D _ aXn 
M ~ C~~TT T7P N " E T ' F " ITT" Jp; rc 1J com re Re (1-nt) 
Equation (17) can be written in terms of the non-dimensional 
variables, M, N, and P. 
P(l+N - F ^ - ) 
COPT = Bf M[l-exp(-gg)J
 + (1 + 6e> ̂ I T ^ < 1 8 ) s c L r v J J com 
where C = — j j - r is constant. This reduces the number of 
Prz/-5 
independent variables on which system performance depends. 
Recalling the definition of COP , the optimum will be 
realized as 1/COP becomes as small as possible. Thus, if 
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the partial derivatives of 1/COP with respect to one of the 
above groups is evaluated and set equal to zero, the optimal 
value of that group results. Taking the partial of (18) 
with respect to M, 
P(l+N - ^-L.) 
k (COP-> = 2 —— = ° ( 1 9 ) 
8 M C0Ps E£cM
2[l-exp(-PC)] 
Equation (19) is satisfied as M-*-«>. The partial of (18) 
with respect to N is, 
IN (cUiH » EfcM[l-exp(-PC)J
 + (1 + Be> = ° ^ 
Since (20) is independent of N, Equation (18) can be 
inspected to determine the effect of N and find its optimal 
value. It is noticed that 1/COP is linear with N and 
s 
becomes small when N is small. For the optimum, N should be 
as small as possible. Taking the partial of (18) with 
respect to P and setting to zero, 
3P LCOP J s 
(1+N-ji—)E£ M[l-exp(-PC)]-P(l+N-r^-)[-E£cMexp(-PC)](-C) 





Examining the numerator of (21) for its zero value, 
1 (1+N - 1-J-)E£cM[l-exp(-PC)] = 
com 




g- - -^g- exp(-PC) = PE£cMexp(-PC) (23) 
£• = exp(-PC)[P + J] (24) 
Letting Y = PC, and substituting into (24), 
J = exp(-Y) [Y/C + 1/C] (25) 
1 = (Y+l)exp(-Y) (26) 
Equation (26) has only one root at Y = 0 or P = 0. To deter-
mine whether 1/COP is a maximum or minimum at P = 0, Equation 
(18) is studied with the help of L'Hospital's rule by forming 
the derivative of numerator and denominator with respect to 




T . r 1 ^ T . com 
Limt^Qp-J - Lim CE^Mexpf-PC) 
r i + N - F - 1 
c o m , as P+0 C E £ C
M 
< (27) 
°°, as P-»-oo 
Hence, P equal to zero is the optimum. 
In summary the conclusions for the condenser design 
producing the maximum system COP are: 
2 S 
V 
(1) -*—pm—_m s -»- 0, implies V as small as possible. 
p ̂  re l-1 
T 
(2) p m — •+ small, implies T as small as possible 
com re 
(It is noticed that the lower limit for T is T, if the 
condenser is to continue rejecting heat. Hence, T -»• T,.) 
(3) — ^ •* 0, implies Xn •* 0. (Since R = 
, V must remain finite.) 
y 
(4) From the fundamental equations it can be shown 
that, as condition (2) above is approached, A -»- °°. 
Applying these conclusions to (14) , it is seen that 
the total system COP approaches the modified Carnot effi-
ciency given by (9) because the refrigerant condenser 
temperature approaches the ambient air temperature and the 
fan work approaches zero. This occurs for a condenser with 
infinite frontal area, very small depth or sparsely spaced 
fins, and a very small but finite air velocity. 
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Constant-Volume Heat Exchanger. The previous optimi-
zation was carried out with no constraints placed on the 
condenser design variables. Suppose the constraint of a fixe 
volume heat exchanger is introduced. As in the previous 
analysis, the heat transfer coefficient is based only on the 
air-side resistance. Letting A = Vol/X where Vol is fixed, 
and substituting into Equation (16), 
an pV5Vol 
™s i ^ « e 
T r e X ^ e X 
. ( 1 + g j "T
H 1 ' " > ( R. l ' ^ 3 ( l -n t ) 1 1 * pVyiV°Kl-ntJ 
F r e n - n - r n r ' a X n -\ i - Qex 
Ecom T J - f1 e X p C R e b p r 2 / 3 ( 1 . n t ) ^ pVCp'fJvoltl-ntJ 
(28) 
Holding everything else constant, X is varied to deter 
mine the effect on 1/COP . As X •> 0 or X •> » Equation (28) 
is undefined. For convenience let, 
B = Re^^l-nt) ; C = pVCpl^olCl-nt) 




(1 - ij^OBexpC-BXj+C 
LimC^l-) = Lim(l+3e) -^ 
s E -££• Bexp(-BX)-C 
com T1
 v K J 
T 
(1 - ij^-)B+C 
^(l+3e) Y" , as X - 0 
E _ rp B • C 
com Tn 
= -< 1 (29) 
(1+Be) , as X+«, 
V 
In the limit as X + », negative 1/COP , the heat exchanger 
is absorbing heat, i.e., T < T,. Thus, the 1/COP versus 
X curve has gone through an asymptote. If Equation (29) 
is plotted the form of the curve is shown in Figure 5. The 
portion of the curve in Figure 5 where 1/COP is negative 
indicates heat pump action since T < T,. Therefore, the 
portion of the curve where 1/COP is positive, T > T, , is r- s re 1 
the region of interest for A/C systems. The same is true of 
Figure 6. The same conclusion is reached as for the ideal 
case. A heat exchanger with small depth gives the best A/C 
system performance. The effect of varying frontal area, A, 
with a fixed volume is just the reverse of the above as shown 
in Figure 6. A fixed-volume heat exchanger with large frontal 
area and small depth gives the best A/C system performance. 
Since volume is a good indication of cost, this is a good 




- - - " " x 
• 
Figure 5. 1/C0PS versus Depth, X, for a Fixed 
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v 
Figure 6. 1/C0PS versus Frontal Area, A, for a Fixed 
Volume Heat Exchanger 
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Air Velocity Optimization 
The model is used to determine the air velocity that 
yields the best system coefficient of performance for a 
fixed condenser configuration. In order to examine the 
system's performance over a broad range of velocities, 
laminar and turbulent forms of Equations (15) and (16) are 
developed. Details of the derivation of the expressions 
which follow are given in Appendix H. 
Laminar Solution. For fully developed laminar flow: 
pVDR 
Re = u where DH = 2/n 
b = 1.0 
a = 24 (low aspect ratio duct 
formed by two fins [18, page 
103]) 
For typical values of X and n, the ratio X/D„ ranges from 
about 5 to 50. Thus, entrance effects are important, and h, 
given by (5) for a duct of infinite length, is adjusted to 
account for these effects. 
Kays [17] has correlated mean Nusselt numbers for 
constant wall temperature with respect to D„/X based on the 
actual velocity profiles (Langhaar profiles) in the entrance 
region. Over the region of interest to this study, the 
curve given by Kays is very well approximated by the equation, 
E" D Re Pr D„ n . 
m = -\U. = 1.595 ( _V' 4 (30) 
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where E is for a duct of finite length, X. Incorporating 
AS 





re-, n . „ /• i -> i ^ e 
+ (l + p ) i E_^_ (31) 
n T Q 
E re r, . , , -. n
 xe 
(l-T—)[l-exp(-kL)] + -pvC T A(l-ntJ 
1 p i _ 
T Q 
Jcom T7" [l-exp(-kL)] - pvc T^Cl-nt) 
where, 
k = l . 5 9 5 ( 2 ) ° -
4 ( X n ) ° - 6 a / ( l - n t ) ( 3 2 ) 
L
 1 2 ( lPVPr)0.6 [ L ^ l ] +
1 - 5 9 5 a P V S ^ o ( _ 2 ) 0 . 4 
t + <D 2Aihr 
Turbulent Solution. In fully developed turbulent 
flow: 
PVD 
R = —rr^- where Du = 2/n e M n 
b = 0.2 
a = 0.046 
To correct for entrance effects, the following equation 
given by Kreith [19, Chapter 8] is used, 
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E* = H[l+(^)°-7] (33) 
where h is for a duct of finite length, X. The turbulent 
form of (16) corrected for entrance effects becomes, 
1 ,r 1.2 0.8 .rZ.o A _ aXn p V A 
C W 5 A 0 - 2 E . (5 
vir fc xe 
Tre ^e 
(l-j-)[l-exp(-kT)] + pvc T.ACl-nt) 
+ (l+6e) ^ 2_L_ (34) 






2 p V - 2 + i - » , x *
p v c p A o r w 2,"o7y 
C un3 [ A~^J 2A. h L1 CXnJ ] 
A * * 
A £ 
Input Constants. Table 1 gives nominal values for 
various quantities in the model which are assumed to be 
constant in the analysis that follows. The following notes 
apply to the indicated quantities in Table 1. 
*Air properties are evaluated at a temperature of 
565°R which is a reasonable mean between the fin temperature 
and bulk air temperature. 
**The evaporator fan work rate is constant for fixed 
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Table 1. Nominal Values for Quantities in the Model 
(to be used in Equations (31)-(35)) 
T, = 550 Average outdoors summer ambient (°R) 
T = 500 Typical value for the saturation 
temperature of the refrigerant in the 
evaporator (°R) 
E = 0.7 Compressor effectiveness--includes 
mechanical and cycle efficiencies 
[7, Chapter 7] 
Efc = 0*65 Condenser fan efficiency 
* C = 0.24 Specific heat of air (Btu/lbm-°R) 
P = 0.071 Density of air (lbm/ft
3) 
\i = 1.3x10 Absolute viscosity of air (lb /ft-sec) 
Pr = 0.72 Prandtl number for air 
** B = 0.05 Ratio of evaporator fan work rate to 
compressor work rate 
*** h = 300 Average refrigerant heat transfer 
coefficient (Btu/hr-ft2-°R) 
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Q and T , but the compressor work rate is not specified 
constant. Hence, B is not a constant. However, variation 
in 3 due to varying W is not that great as W„ changes 
e J ° com ° com ° 
by about 20 percent over the range of velocities considered. 
The range of $ at the optimal velocities is about 0.13 to 
0.06. For a well designed system $ is expected to be less 
than 8 so B equal to 0.05 is a reasonable approximation. 
***Taking n" as a constant is not rigorously correct 
as it is a function of the difference between refrigerant 
saturation temperature and the tube wall temperature. McAdams 
[20, Chapter 13] gives, 
E = 0 -945g ,36) 
r (LAT)0'25 
where L is the tube length and B is a complex function involv-
ing the thermodynamic properties of the refrigerant. 
Evaluating n" is a complicated problem, and since L is not 
specified in the model an exact analysis is impossible. 
2 
Values of h~r vary over a wide range, 150-450 Btu/hr-ft -°R 
[2], so an average value was taken. The effect of taking K 
at 200 and 400 is discussed in Chapter III. 
The number of tubes, their physical dimensions 
(length, diameter), and spacing have not been included in the 
model. As mentioned in Chapter I, other investigations have 
dealt with this aspect of optimization. For this study it is 
assumed that the number and spacing of tubes are more or less 
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optimal so that typical values of fin efficiency factors and 
ratios of fin surface area to tube surface area may be used. 
Thus, the values in Table 2 have been chosen. 
For smooth walled ducts the critical Reynolds number, 
Re, at which transition occurs is around 2300. It is common 
practice to ripple the fin material inducing turbulence 
thereby reducing the critical Reynolds number. Thus, it is 
assumed that transition occurs at a Reynolds number of approxi-
mately 1500. Furthermore, it is assumed that the fully 
turbulent solution, given by (34), is applicable in the 
transition zone. 
Velocity Optimization Curves. The optimal velocity 
which produces the maximum COP for the system is determined 
for a specific heat exchanger configuration given by the 
three variables: fin depth, X; number of fins per inch, n; 
and square footage of condenser frontal area per ton of 
cooling, A/Q . The following ranges were chosen to cover the 
possible configurations for residential A/C units. 
X--2 to 6 (in) 
n--6 to 15 (fins/in) 
A/Q --0.5 to 4 (ft2/ton) 
Appendix A is a compilation of the velocity optimi-
zation curves generated from expressions (31)-(35). 
Representative curves from Appendix A appear on the following 
pages to facilitate their discussion. 
Figure 7 presents the two extremes of the analysis. 
Table 2. Nominal Values for Heat Exchanger 




Number of Fins/Inch 
6 9 12 15 
*v\ 15 20 25 30 
*VAi 16 21 27 32 
*<J>[10,22] 0.85 0.85 0.85 0.85 
t (in) 0.015 0.015 0.015 0.015 
It is assumed that as the depth, X, is varied the 
number of rows of tubes is varied accordingly to maintain 
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7. Representative Velocity Optimization Curves 
from Appendix A 
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The wide variation in optimal velocity is evident. It is 
noticed that increasing any one or any combination of the 
heat exchanger design variables reduces the optimal velocity 
and enhances system performance. The reduction in performance 
is also evident for operating at other than the optimal 
velocity. For each specific configuration there is obviously 
a range of velocities that offer almost equal performance. 
However, it is noticed that this range is increasingly 
restricted as the design variables increase. 
Notice the sharp decrease in system performance at 
very low velocities. In fact, 1/COP -»•», i.e., the system 
has zero efficiency, at some very small velocity. From 
Equation (2) , 
0C = pVACp(l-nt)(T2-T1) 
it is seen that the velocity cannot equal zero for fixed A 
and 0 as this would mean an infinite temperature rise for 
the air which is physically impossible. 
The discontinuities in the curves occur as the change 
is made from the laminar solution to the turbulent. Figure 8 
shows a case where the optimal velocity falls on the border 
between laminar and turbulent flow. In this particular case 
the turbulent solution predicts about a 5 percent improvement 
in system performance over that of the laminar. Both the 
heat transfer rate and fan work increase in going from laminar 
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Figure 8. Velocity Optimization Curve--Transition 
from Laminar to Turbulent Solution 
to turbulent flow. In this case the increased heat transfer 
more than offsets the increased fan work. 
In Figure 9 the effect of fan efficiency is shown. 
It is noted that the fan efficiency has a very small impact 
on system performance at velocities up to the optimum. The 
optimal velocity actually increases slightly as fan efficiency 
improves. This is due to the manner in which fan efficiency, 
E.pc, enters expressions (31) and (34) where it is observed 
that E~ appears only in the first term of these equations. 
This term is obviously associated with the fan work rate and 
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Figure 9. Effect of Condenser Fan Efficiency 
on System Performance 
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everything else being equal. 
It is instructive to note the effect of compressor 
efficiency on system performance which is shown in Figure 
10. It is evident that the compressor efficiency has a 
direct and marked impact on performance. However, compressor 
efficiency has a much smaller effect on the optimal velocity 
where it is observed that the optimal velocity is decreased 
slightly. Thus, neither fan efficiency nor compressor 
efficiency significantly affect the optimal air velocities 
predicted by the model. 
The air velocities of units currently on the market 
generally range from about 3 ft/sec to 8 ft/sec. Depending 
on the particular heat exchanger design, the velocity 
curves indicate a substantial improvement by going to higher 
velocities. For instance, in Figure 8, going from a 
velocity of 5 ft/sec to the optimal 18 ft/sec represents a 
25 percent improvement in system performance which is certainly 
significant. The higher fan power is more than offset by 
the reduction in compressor power. 
The velocity optimization discussed above applies 
not only to the design of new A/C units but also to existing 
nonoptimized units. The existing unit may be retrofitted 
with condenser fan equipment capable of producing the 
optimal velocity given by the curves in Appendix A. The 
improvement in performance gained by optimizing the velocity 
will be reflected as a reduction in total electrical energy 
Constant-
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Figure 10. Effect of Compressor Efficiency 
on System Performance 
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required to operate the unit. 
Increasing the condenser air velocity will affect 
the system balance point by increasing the heat transfer 
capacity of the condenser. Thus, the amount of subcooling 
of the refrigerant before flowing to the expansion valve 
will be greater. In order to prevent this, and to reduce the 
condenser saturation temperature, the excess refrigerant 
should be bled from the loop to restore the condition of 
having just enough subcooling to ensure that no vapor 
reaches the expansion valve. 
The optimal velocities and their corresponding 1/COP 
values can be plotted versus A/Q , as in Appendices B and C, 
to give the optimal velocity for any value of A/Q and the 
corresponding 1/COP value at that optimal velocity. With 
regard to the 1/COP (at V .) versus A/Q curves, several 
o \J L> L C 
observations are worthy of note. Referring to Figure 11 it 
is seen that at fixed n, a doubling or tripling of A/Q at 
fixed condenser depth, X, is always more advantageous than 
a doubling or tripling of X at fixed A/Q . This agrees with 
the idealized conclusions reached in the previous analyses. 
The incremental gain in performance as any one of the design 
variables is increased is progressively less. Thus, going 
from a depth of 6 inches to 8 inches would gain practically 
nothing in terms of performance. The same is true of going 
to more fins per inch than 15 or an A/Q greater than 4. In 
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M gure 11. l/C0Ps (at V t) versus A/fi 
for r\ = 6 (fins/in) 
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(34) and (35) shows that increasing X to very large values, 
holding everything else constant, results in a decrease in 
system performance. In light of the previous analysis this 
is not surprising. Interestingly enough, the same is true 
of increasing the condenser frontal area, A, holding every-
thing else constant. This result, however, does not 
contradict the conclusion reached for the constant-volume 
heat exchanger. Increasing A or X holding everything else 
constant means the condenser volume is becoming large. The 
fan work required more than offsets the effect of increased 
heat transfer area and system performance is reduced. It 
is obvious that increasing n to a large value, holding the 
other design variables constant, is physically impractical. 
Thus, the curves of Appendices A and B cover the practical 
range of heat exchanger design variables. 
From the fundamental equations expressions can be 
derived to evaluate the condenser saturation temperature, 
T , and the ratio of condenser fan and compressor work 
rates, 8 (see Appendix H). Over the range of the analysis, 
the saturation temperature, computed at the optimal velocity 
varied as follows: 
Trc = 6 9 7 ° R f o r A/$ e
 = °-5 (ft2/ton) 
X = 2 (in) 
n = 6 (fins/in) 
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to 
T = 562°R for A/Q = 4.0 (ft2/ton) 
J7 v* C 
X = 6 (in) 
n = 15 (fins/in) 
The range on 6 computed at the optimal velocity is 
3 = 0.135 for A/Q = 0.5 (ft2/ton) 
X = 2 (in) 
n = 6 (fins/in) 
to 
B = 0.052 for A/6 = 4.0 (ft2/ton) 
X = 6 (in) 
n = 15 (fins/in) 
In summary this chapter presents a model which is used 
to determine the most favorable operating point for a given 
heat exchanger configuration, cooling load, and evaporator 
saturation temperature. The curves in Appendices A and B 
provide the designer with a ready reference and guide in 
47 
selecting the condenser frontal area, depth, fin spacing, 
and air velocity. The curves in Appendices A and B are 
applicable to air-cooled condensers of both residential 
units and larger commercial units. 
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CHAPTER III 
ECONOMIC ANALYSIS OF AIR CONDITIONING 
CONDENSER COILS 
In the previous chapter attention was focused only 
on the effect of condenser design on the air conditioner's 
energy consumption. In this chapter consideration is given 
to owning and operating costs of an air conditioning system. 
The economic analysis presented is predicated on the criterion 
of achieving the most performance at least total cost. In 
particular, it is desired to minimize the total annual cost 
of the A/C system per ton of cooling. 
The Economic Model 
In order to accomplish the stated objective, an 
economic model is developed which embodies the operating 
cost and owning cost. These costs are evaluated in the 
following sections. 
Annual Operating Cost 
Operating costs are those costs that result from 
actually operating the system. Included in operating costs 
are those of energy, maintenance parts and service, and 
materials. For residential A/C units costs for maintenance 
and materials are generally small and are neglected. 
The annual cost of energy is a function of the 
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electrical utility rate, the number of hours per year that 
the system is operated, and the efficiency of the system. 
It is assumed that the utility rate (<j:/kw-hr) is independent 
of the number of operating hours, i.e., utility step rate 
schedules do not apply. The number of hours of operation 
vary widely as a function of locality and the owner's 
personal preference. Table 3 [4, Chapter 43] gives an 
indication of hours of operation for properly sized equipment 
for various major cities. The values in Table 3 have been 
substantiated by utility records. 
The efficiency of the system is the coefficient of 
performance, COP , as defined in Chapter II. The annual 
operating cost per ton of cooling becomes, 
C ($/ton) = (T—t—) x (—) x (™i-) (37) oper vv/ } k̂ŵ Tir̂  ŷr̂  ĈOP } y } 
The coefficient of performance, COP , will fluctuate during 
the cooling season as the ambient temperature and cooling 
load vary. In this study an average ambient of 90°F and. 
evaporator saturation temperature of 40°F have been used in 
the model to determine the system coefficient of performance. 




Owning costs include the amortized capital cost, 
taxes levied on property, and insurance. The latter two 
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Table 3. Estimated Annual Hours of Operation 
for Properly Sized Equipment in 
Typical Cities During Normal Cooling 
Season* [4, Chapter 43] 
City Hours 
Atlanta, Georgia 750 
Boston, Massachusetts 200 
Chicago, Illinois 400 
Cleveland, Ohio 450 
Dallas, Texas 1400 
Fresno, California 900 
Jacksonville, Florida 1600 
Minneapolis, Minnesota 350 
New Orleans, Louisiana 1500 
St. Louis, Missouri 1000 
Washington, D. C. 800 
A 
Based on average indoor temperature of 80°F. 
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costs are not considered here. 
In order to evaluate the amortized capital cost, 
three elements must be established: (1) initial (capital) 
cost, (2) average useful life of the equipment, and (3) 
interest rate (rate of return on barely-attractive invest-
ments) . 
Capital Cost Analysis. Data obtained from a major 
manufacturer of the type of heat exchanger being dealt with 
here was studied. It was found that the cost (selling price 
to the customer) is a simple function of the heat exchanger 
volume, AX, for fixed fins per inch. Figure 12 shows the 
cost curves which are average lines fitted to a number of 
points plotted from the data. Appendix G shows the actual 
costs of condenser coils of varying volume. The curves of 
Figure 12 are conveniently given by the equation, 
Cost ($) = [1.908 (n-6) + 63.75] Vol + 172 (38) 
where the Vol = AX in ft . 
The capital cost of the remaining components of the 
system such as the compressor, evaporator coil, fans, etc. is 
taken as some number of dollars, K,, which is considered 
constant. Arguments for taking K-, constant are the following. 
As a fixed cooling capacity and evaporator temperature are 
assumed, any variation in the capital cost of the evaporator 
and fan as the condenser design is changed will be very small. 
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Condenser Volume ( f t ^ ) 
10 
Figure 12. Capital Cost of Condensers 
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The compressor work rate will vary as condenser geometry is 
changed, but this variation is not pronounced. Hence, the 
change in capital cost associated with the compressor will 
be small compared to the cost of the condenser. Admittedly, 
the condenser fan work rate varies over a wide range, as 
indicated in Chapter II, for various condenser configurations. 
Thus, the capital cost for the condenser fan and motor will 
vary, but here again any variation is assumed small compared 
to condenser cost. Variation in other costs, K-, such as 
erection, power installation, etc. will not be significant 
as condenser configuration is changed. Hence, the initial 
cost of the A/C system is, 
CrcT> ($) = [1.908 (n-6) + 63.75] AX + 172 + K (39) 
where K = K-.+K- is considered fixed for a given system. 
Since the 172 and K are constants they can be dropped from 
(39) without affecting the optimization to follow. 
Average Useful Life. The useful life of a piece of 
equipment or system is dependent on many factors such as 
frequency of use, policy as to repairs, climate in which it 
is used, etc. For the purpose of this study, an average 
useful life of ten years is chosen as suggested by the 
ASHRAE 1973 Systems Handbook [4, Chapter 44] for air condition-
ing systems under 5 tons capacity. 
Rate of Return. Money invested in an air conditioning 
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system must either be borrowed, obtained from equity 
investors, or diverted from other uses. The time value of 
this money lies between the rate of interest on borrowed 
money and the rate of return on barely-attractive investments 
For the typical residential owner, an interest rate of 11 
percent is taken. 
In order to convert the initial cost into an equiva-
lent uniform annual cost, it is assumed that the life of 
the equipment is a negative exponential random variable (N) 
with average life (m) . Then, 
f(N) = - e"t/m (40) 
^ J m K J 
If C dollars is spent at time (t) zero on equipment with 
a life given by (40), then the equivalent annual cost, C , 
C cip 
is given by, 
C = C (r + -) (41) 
cap cap nr K 
where r = An (1 + i) is the nominal continuous-compound 
interest rate [36]. 
Economic Optimization 
The total annual cost is given by, 
CT = C + C (42) 
T oper cap ^ J 
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The operating cost, C , is by Equation (37), 
U VJ t? i. 
C ($/ton) = (, *, ) x (—) x (r-t-) oper ^ J vkw-hrJ vyr-" vCOP J 
where 1/COP , given by Equations (31)-(35), is a function 
of the following variables , 
l/COPs = f(V,A/Oe,X,n) 
After dropping the constants appearing in Equation (39) and 
normalizing the result per ton of cooling, the amortized 
cost per ton becomes, 
T!cap ($/ton) = [an(l + i) + i]{[1.908(n-6)+63.75] ^ } (43) 
^e 
Equation (43) is a function of the following, 
Ccap = g(A/Qe,X,n) 
Thus total annual cost is functionally dependent on, 
i hr ,, A 
C- = £1 (Ew^Tr-' W> V> JT> X> n ) + «(A/Qe, X, n) (44) 
e 
It is clear from (44) that the amortized capital cost is 
independent of the air velocity. Thus CT is minimized with 
respect to velocity by using the value of Tvyp— (at V .) , 
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derived in the previous chapter,in the operating cost term. 
The expression for total annual cost becomes, 
CT « / t o n ) " fe^ * # ) x ( ^ (at Vopt)) 
1 AY 
+ [In (1 + i ) + ± ] { [ 1 . 9 0 8 (n -6 ) + 6 3 . 7 5 ] — } (45) 
0e 
where r A n (at V .) and its corresponding A/Q , X, and n 
LUr Opt » 
given by the saddle points of the curves in Appendix A (or 
the data in Appendix C); m equals 10 years; and i equals 11 
percent. 
With the use of Equation (45) the curves of Appendix 
D are generated where CT is plotted versus A/Q for a number 
of combinations of hours of operation per year and elec-
tricity rates. The hours of operation and electrical rates 
have been combined. For instance, 1.5x10 (<£/kw-yr) is 
equivalent to 500 (|f) at 3 ( ^ ^ or 750 (£f) at 2 (^X^) 
etc. 
From the curves in Appendix D, the optimal (least 
cost) heat exchanger configuration is the one with least 
depth, the greatest number of fins per inch, and A/Q given 
by the curve. Again, this fact agrees with the "ideal" 
conclusions cited in Chapter II. However, the least depth 
configuration is the optimum only if there is no restriction 
placed on A/Q . If the constraint is imposed that A/Q 
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equals one, then it is noticed that the four or six inch 
deep configuration is optimal depending on hours of operation 
and electric rate. It is interesting that the minimal 
costs for the various depths at a given n, hours of operation, 
and electrical rate, are within a few dollars of each other 
over the entire range of the analysis. This fact gives the 
designer a large number of combinations of exchanger config-
urations that are practically equally cost effective. The 
curves also show the penalty for a nonoptimum configuration. 
As energy costs increase the optimal A/Q for fixed X and n 
definitely shifts to a higher value. Depending on the 
magnitude of energy cost increase, the customer is justified 
in going to a more capital cost intensive system. 
Figures 13 through 18 show the effect of various 
values of the refrigerant-film heat transfer coefficient, 
h~ . on the CT versus A/Q curves. When TT is reduced from 
300 to 200 (Btu/ft2-hr-°R), the effect is to shift the 
curves upward and to the right so that the optimal value 
for A/Q is increased by about 15-20 percent for 1.5x10 
(£/kw-yr). A decrease in TT results in a greater refrigerant-
film resistance (Equation 4) so the trend in the curves is 
what would be expected. The shift becomes more pronounced 
as hours of operation and energy cost increase so that at 
4 1.35x10 (£/kw-yr) the optimal A/Q is increased by about 
30-35 percent. 
Increasing h from 300 to 400 (Btu/ft2-hr-°R) has the 
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n = 6 (fins/in) 
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A/Qe (ftVton) A/Qe (ft
2/ton) 
Figure 13. Effect of Refrigerant Heat Transfer 
Coefficient, h r, on Total Annual 
Cost and Condenser Design for 1.5xl03 
U/kw-yr); If = 200 (Btu/f t2-hr- °R) 
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2/ton) 
Figure 14. Effect of Refrigerant Heat Transfer Coefficient, 
R~r, on Total Annual Cost and Condenser Design 
for 1.35xl04 O/kw-yr); K^ = 200 (Btu/ft2-hr-°R) 
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n = 15 (fins/in) 
X = 2 
H 1-
A/Qe (ftVton) A/Qe (ftVton) 
ure 15. Effect of Refrigerant Heat Transfer Coefficient 
K , on Total Annual Cost and Condenser Design 
fSr 1.5x103 (f/kw-yr); R\ = 300 (Btu/ft2-hr-°R) 
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jure 16. Effect of Refrigerant Heat Transfer Coefficient, 
n~r, on Total Annual Cost and Condenser Design 
for 1.35xl04 (tf/kw-yr); Ev = 300 (Btu/ft
2-hr-°R) 
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Figure 17. Effect of Refrigerant Heat Transfer Coefficient, 
Total Annual Cost_and Condenser Design h on 
for l.SxlO-5 (t/kw-yr) ; *r = 400 (Btu/ft^-hr-°R) 
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X = 2 (in) u 
X = 6 
IOOL 100 
A/Qe (ftVton) A/Qe (ftVton) 
igure 18. Effect of Refrigerant Heat Transfer Coefficient, 
n~r, on Total Annual Cost and Condenser Design 
for 1.35xl04(tf/kw-yr) ; FT = 400 (Btu/ftz-hr-°R) 
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reverse effect. However, the shift is much less than for 
the previous case. The optimal A/6 being about 5-10 percent 
less over the entire range of hours of operation and energy 
cost. 
The minimal cost configurations indicated by the 
curves in Appendix D can be plotted as shown in Figure 19. 
These curves, compiled in Appendix E, are extremely useful 
in that fixing any two of the heat exchanger design variables 
the optimal value of the third can be found. The designer 
generally will know the hours of operation per year and 
appropriate utility rate applicable to the system he wishes 
to design. He then enters the appropriate set of curves in 
Appendix E and chooses any two design variables at random or 
consistent with constraints that might apply. Having deter-
mined a minimal cost configuration from these curves, the 
designer enters the curves of Appendices B and C to determine 
the corresponding 1/COP value and optimal operating velocity. 
In this way the entire least cost condenser design and 
operating characteristics are found from the design curves. 
Equations (31) , (34) , and (37) may then be used to study 
how the operating cost varies at velocities other than the 
optimum. Appendix F shows how operating cost varies with 
velocity for the minimal cost configurations of Appendix E. 
Table 4 shows operating cost per ton for several cases 
selected from Appendix F. The reduction in operating cost 













Figure 19. Optimal Heat Exchanger Design Curves 
for 1.5xl03 (f/kw-yr) 
6 6 
Table 4. Annual Operating Cost at Varying Air Velocities 
for the Optimal Condenser Configurations* 
1.5xl03 (tf/kw-yr) 
n = 6 (fins/in) 
X = 2 (in) 
A/Q =2.3 
eopt 
X = 4 (in) 
A/Qe =1.2 
ODt 
X.= 6 (in) 
A/Q = 0.85 
eopt 
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X = 2 (in) 
A/Q =4.0 
eopt 
X = 4 (in) 
A/6 = 2.4 
eopt 
X = 6 (in) 





























Units: A/Q (ftVton); V (ft/sec); C ($/ton) e „. oper 
opt r 
* 
Data selected from Appendix F. 
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the condenser configuration. A velocity of 5 ft/sec is 
typical of units currently on the market. 
After the condenser configuration and velocity have 
been determined, the designer selects the other components 
of the system-compressor, evaporator coil, fans, expansion 
device, etc. The selection of components must be such that 
the system is balanced at the desired operating conditions. 
If the design calls for a rather high air velocity, 
the designer may need to consider the level of noise associ-
ated with a higher velocity. The noise level is in large 
part dependent on the type of fan, number of blades, fan RPM, 
and pressure drop, etc. The sound level admissible at the 
source will vary with the individual situation. It is 
dependent on the directivity factors of propagation, 
listening areas near the equipment, the paths by which noise 
travels from source to listening area, etc. [4, Chapter 35; 
14]. Expense incurred in the control of noise, such as for 




CONCLUSIONS AND RECOMMENDATIONS 
This study develops a methodology for determining 
the minimal cost condenser for an air conditioning system. 
This is accomplished by finding the condenser configuration 
and its corresponding operating air velocity which minimize 
the system's capital and operating costs. It should be 
noted that the results obtained in this work are essentially 
the same as that of minimizing the cost of a heat transfer 
unit, a technique familiar to many involved in the design 
of heat transfer equipment [30, Chapter 2]. 
Figure 20 will aid the reader in grasping the essential 
features of the optimization undertaken in this study. T^tal 
annual cost, C„ ($/ton), which includes the operating cost 
of the A/C system and incremental capital cost of the 
condenser is plotted as a function of the air velocity, V 
(ft/sec), through the condenser and the condenser frontal 
area per ton, A/Q (ft /ton). The surface shown is for a 
fixed condenser depth, X (in), a fixed number of fins per 
inch, n (fins/in), and fixed electrical energy cost-
consumption factor (<£/kw-yr = <£/kw-hr»hr/yr) . Figure 20 is 
representative of the surfaces that result as any one of the 















n = 12 ( ins/in) 
3 
Note: The laminar region is computed from Equation (45) with 
l/COPs evaluated by Equations (31) and (32). The turbulent 
region is computed from Equation (45) with l/COPs evaluated 
by Equations (34) and (35). Tables 1 and 2 give nominal 
values (taken as constants) for various quantities appearing 
in Equations (31)-(35). 
Figure 20. Representative 3-Dimensional Surface for 
Total Annual Cost as a Function of Air 
Velocity and Condenser Frontal Area 
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the use of the equations and tables as explained in the note 
of Figure 20. 
The analysis indicates two areas for potential improve-
ment in the cost associated with typical residential air 
conditioning units. The first area for potential savings to 
the owner lies in the selection of an optimal configuration 
for the condenser, i.e., selecting the optimal A/6 for 
given X, n, and energy cost-consumption rate as shown in 
Figure 20. The curves in Appendix D, which are slices 
along the saddle lines of "troughs" similar to that of 
Figure 20, show the optimal A/Q for a number of different 
values of X, i), and energy consumption. At each energy 
consumption-cost rate the condenser configuration with least 
depth, X = 2 (in), and the greatest number of fins, n = 15 
(fins/in), gives the minimal cost configuration if no 
restriction is placed on A/Q . However, it is noted that a 
condenser with depth greater than two inches with its 
corresponding optimal A/Q is nearly as cost-effective. 
From Appendix D it is clear the penalty incurred for operating 
an "undersized" condenser is substantial for high annual 
hours of operation and energy cost. In selecting a new 
system, an A/Q somewhat greater than the indicated optimum 
should probably be chosen because, over the life span 
(assumed 10 years in this study) of the equipment, energy 
costs are likely to increase. 
Since a number of condenser configurations have 
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nearly the same cost-effectiveness as mentioned above for 
a given energy cost and annual hours of operation, the 
optimal solutions in Appendix D give rise to the curves of 
Appendix E which define all combinations of minimal cost 
condenser configurations. These curves, while giving the 
designer latitude in choosing a configuration, ensure the 
selection of a near optimal condenser design. 
The second area of potential saving is that of 
operating at an air velocity which ensures as low an 
operating cost as possible. From Figure 20 and a considera-
tion of the derivation of the curves in Appendix E it is 
clear that it is possible to optimize the system with 
respect to condenser configuration but then incur a penalty 
by not operating at the optimal velocity. Numerous curves 
for optimizing velocity for various configurations are 
given in Appendix A. These curves are slices, at constant 
A/Q , through surfaces similar to that of Figure 20. Since 
each condenser configuration has a unique optimal velocity, 
the optimal velocities may be plotted versus A/Q for fixed 
X and n as in Appendix B. These curves are similar to the 
one shown in the A/Q -V plane of Figure 20. 
Appendix F has been prepared to show how the annual 
operating cost increases when systems are operated at other 
than the optimal velocity. The figures indicate that increas-
ing air velocity from 5 ft/sec, which is a common value for 
currently available units, to the optimal velocity produces 
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savings ranging from 10 percent to 150 percent depending on 
the particular configuration. 
Air velocity optimization applies not only to the 
design of new units but also to existing A/C units. An 
unoptimized unit can be retrofitted with condenser fan 
equipment capable of producing the desired optimal velocity 
for that specific configuration. Adjustment should be made 
to the amount of refrigerant in the system to prevent excess 
subcooling in the condenser produced by the increased heat 
transfer rate. 
To show the practical usefulness of this study's 
results, the data in Table 5 has been compiled. Optimal 
condensers (configurations and operating characteristics) 
are defined for various geographical locations in the United 
States. Given the annual hours of operation and cost of 
electrical energy, the designer is able to select the 
optimal condenser and compute costs associated with its 
operation. The source from which each quantity is derived 
is explained in the note accompanying Table 5. 
Notice the correlation among the parameters as the 
energy cost and annual hours of operation vary. For instance, 
2 
in Boston with a low energy consumption-cost factor, 9.4x10 
(<£/kw-yr) , the optimal solution specifies a system with low 
overall efficiency (high 1/COP ), low A/Q (low capital 
investment), and a high air velocity. At the other end of 
the spectrum in Dallas with a high energy consumption-cost 
Table 5. Optimal Condensers for Various Geographical Locations 
City hr yr 




C oper C^ kw-hr T 
Atlanta 750 2.66 2 15 1.86 23.5 0.261 0.68 18.31 23.44 
Boston 200 4.7 2 15 1.26 34 0.3 0.80 9.92 13.39 
Cleveland 400 3.8 2 15 1.61 29.5 0.275 0.72 14.70 19.14 
Dallas 1400 2.84 2 15 2.79 17 0.233 0.58 32.57 40.26 
Minneapolis 350 3.57 2 15 1.45 31 0.283 0.76 12.43 16.43 
St. Louis 1000 3.03 2 15 2.4 19 0.242 0.62 25.78 32.39 
Washington, D. C. 800 4.05 2 15 2.5 18.5 0.239 0.61 27.23 34.12 
Units: X (in); n (fins/in); A/Q (ft2/ton); V (ft/sec); C e_ and CT (annual $/ton) 
Note: Hr/yr taken from Table 3. 
{/kw-hr--June 1974 rates for 500 kw-hr/month [21]. 
With no constraint placed on A/Qe X = 2 and n = 15 give minimal cost--
#Appendix D. 
A/Qe found in Appendix E. 
V found in Appendix B. 
1/C0PS found in Appendix C. 
Bc computed from Equation (31H) Appendix H. 
CQ computed from Equation (37). 





factor, 3.976x10 (<f/kw-yr) , the optimum is a system with 
high overall efficiency (low 1/COP ), a high A/6 (large 
capital investment), and low air velocity. Based on earlier 
observations, it is noted that other combinations of X, n, 
and A/6 , as given by Appendix E, would give nearly the same 
cost-effectiveness as the configurations proposed in Table 5. 
Several existing A/C units, typical of units currently 
on the market, are compared with the optimal units of Table 
5 to determine what improvement in total cost is possible. 
Figures 21 and 22 give the velocity optimization curves, as 
predicted by the model, for two existing units. In each 
case the units are operating at too low an air velocity. 
The improvement in system coefficient of performance by 
increasing velocity to the optimal value is readily apparent. 
For the Lennox unit in Figure 21 an 18.6 percent improvement 
is indicated while for the York unit, Figure 22, a 25 percent 
increase in system coefficient of performance is possible. 
In Table 6 the existing units are compared to the 
optimal solutions of Table 5. Costs based on the unit's 
actual air velocity and the indicated optimum are shown. 
From the figures it is clear that system efficiency becomes 
increasingly important as the combination of annual hours of 
operation and energy cost increases. Of major significance 
is the fact that optimizing the existing units with respect 
to velocity alone leads to total annual costs, CT ($/ton), 
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Note: The curve above is generated by the use of Equations 
(31)-(35) with A/Qe, X, and n given in the specifications 
below and values from Tables 1 and 2. 
Specifications for Lennox unit 
iModel HS8-411-1FFA 
X = 3 (in); n = 14 (fins/in); 
A = 4 (ft2); 0e = 3 (ton); 
V = 10 (ft/sec) 












(predicted by model) 
10 20 30 40 
V (ft/sec) 
50 60 
Note: The curve above is generated by the use of Equations 
(31)-(35) with A/Qe, X, and n given in the specifications 
below and values from Tables 1 and 2. 
Specifications for York Unit: 
Model CL36 
X = 2.2 (in); n = 16 (fins/in); 
A = 5.6 (ft2); Q = 3.5 (tons) ; 
V = 6.6 (ft/sec) 
Figure 22. Velocity Optimization Curve for York Unit 
Table 6. Comparison of the Optimal Units with Typical Existing Units 
Lennox Model York-Model 
HS8-411-1FFA CL-36 
Optimal Units Unoptimized Optimized Unoptimized Optimized 
Tabli e 5 (V = 10.2) O opt = 29) (V 6.6) O opt = 28) 
City Cot >er s C op >er w r r C OP >er \-Jrp C op ier CT c op ier CT Atlanta 18. ,31 23. ,44 22, ,00 27. 38 18. ,54 23, .92 23. 53 28. 50 18. 68 23, ,65 
Boston 9, ,92 13. ,39 10, ,37 15. 75 8. ,74 14, .11 11. 09 16. 05 8. 80 13. ,77 
Cleveland 14, .70 19. ,14 16, .76 22. 14 14, .13 19. ,51 17. 93 22. 90 14. 23 19. ,20 
Dallas 32, ,57 40. ,26 43, ,84 49. 22 36, .95 42, .33 46. 90 51. 87 37. 23 42, .20 
Minneapolis 12, ,43 16. ,43 13. 78 19. 16 11. ,61 16, .99 14. 74 19. 71 11. 70 16, .67 
St. Louis 25, ,78 32. ,39 33. ,41 38. 80 28. 16 33. ,54 35. 74 40. 71 28. 37 33. ,34 
Washington, D.C. 27. ,23 34. ,12 35, ,73 41. 11 30. 11 35. ,49 38. 22 43. 19 30. 34 35. ,30 
Units: V (ft/sec); C and CT (annual $/ton) 
UUcl 1 
See Figures 21 and 22 for specifications of Lennox and York units. Units are 
optimized with respect to air velocity only as shown in Figures 21 and 22. 
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What this suggests is that, given a condenser configuration 
that is within reason, i.e., a reasonable A/Q , the key 
parameter is the air velocity and its effect on the system's 
operating cost. Optimizing the condenser configuration 
results in much smaller savings. This is borne out by the 
curves in Appendix D where it is seen that A/Q can vary 
rather widely in the region of the optimal A/Q without 
having much effect on total annual cost. 
As mentioned earlier, air velocities for currently 
available units typically range from 3 to 8 ft/sec. The 
results of this study indicate significantly higher velocities 
are in order. The reduction in operating cost due to higher 
velocities is very significant. Suppose that an average 
10 percent reduction in operating cost is achievable for 
residential air conditioning. Based on the figures stated 
in the Introduction, this reduction would amount to a savings 
of about $1.3 billion/year for the nation as a whole. 
The direct benefit to the owner of reducing annual 
cost is evident. Other less obvious benefits are also 
involved. Decreasing the electrical consumption, lowers the 
summer peak load demand on the power generating facilities. 
This is significant in that the utilities must design their 
plants with enough reserve capacity to satisfy peak demand 
periods. Lowering peak demand would allow the utility to 
increase the load factor and thus supply more energy with the 
same generating equipment. This would reduce the utilities 
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capital requirements and yield lower energy costs. 
This analysis has by no means solved the complete 
problem. Improvements to the existing model would allow 
more factors to be taken into account. Specific areas of 
improvement would be: (1) the capability to evaluate the 
refrigerant heat transfer coefficient, n" , more precisely; 
(2) including the tube diameter, spacing, and length; (3) 
accounting for the pressure drop in the tubes; (4) a more 
precise description of the compressor; and (5) evaluation of 
those costs and variations in cost neglected in the economic 
analysis. As the results of this study indicate that 
significantly higher air velocities ought to be used in A/C 
units, experimental verification of the 1/COP expressions 
as given by Equations (31)-(35) should be undertaken. 
A logical extension to the present analysis would 
involve an evaluation of the evaporator in order to optimize 
its function. The ideal would be a computer study, accompanied 
by experimental verification, describing the dynamics of the 
entire system so that the most cost effective combination of 
components could be determined. 
This study is an example of a class of energy related 
problems the analysis of which becomes increasingly important 
as energy costs rise. The rather simple yet effective 
methodology used here recommends itself to other related 
problems. It is incumbent upon the engineering community 





VELOCITY OPTIMIZATION CURVES FOR VARIOUS 
CONDENSER CONFIGURATIONS 
Note: The discontinuities in the velocity optimi-
zation curves occur where the change is made from the 
laminar solution, Equations (31) and (32), to the turbulent 
solution, Equations (34) and (35). The transition from 
laminar to turbulent flow is assumed to occur at a Reynolds 
number of 1500. Tables 1 and 2 (Chapter II) give nominal 















O . H T 
0.9 •• 
0.7 •-
0 . 5 •• 
0.3 .. 
= 2 (in) 
X = 6 




X = 6 






Velocity Optimization Curves for 



















u . -j • • 
n = 15 (fins/in) 
X = 6 
10 40 
V (ft/sec) 
Figure 24. Velocity Optimization Curves for 
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Figure 25. Velocity Optimization Curves for 
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Figure 26. Velocity Optimization Curves for 
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Figure 27. Velocity Optimization Curves for 
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Figure 28. Velocity Optimization Curves for 











Figure 29. Velocity Optimization Curves for 
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Figure 30 
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Velocity Optimization Curves for 




OPTIMAL VELOCITY CURVES 
Note: The following curves are generated by plotting 
the air velocities, V (ft/sec)( given by the saddle points 
of the curves in Appendix A for a fixed number of fins, 















A/Qe ( f tVton) 
Figure 31. Optimal Velocity versus A/§e for 











X = 6 
A/(D (ftVton) 
Figure 32. Optimal Velocity versus A/Q for 













Note: The breaks in the curves occur at a Reynolds number 
of 1500 where the change is made from the laminar to 
turbulent solution. 
Figure 33. Optimal Velocity versus A/Q for 









10- X = 6 
A/Qe (£t7ton) 
Note: The breaks in the curves occur 
of 1500 where the change is made from 
turbulent solution. 
at a Reynolds number 
the laminar to 
Figure 34. Optimal Velocity versus A/Q for 
n = 15 (fins/in) 
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APPENDIX C 
SYSTEM COEFFICIENT OF PERFORMANCE 
AT THE OPTIMAL VELOCITY 
Note: The following curves are generated by plotting 
the system coefficient of performance, 1/C'OP , given by the 
saddle points of the curves in Appendix A for a fixed 












0.2. -- X = 6 
A/Qe (ftVton) 
Figure 35. System Coefficient of Performance at V 













Figure 36. System Coefficient o£ Performance at 
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A/Qe (ftVton) 
Figure 37. System Coefficient of Performance at V 










0.2-- X = 6 
+ H-
2 3 
^ l r t 
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A/6 (f 2/ton) 
Figure 38. System Coefficient of Performance at V 
versus A/Qe for n
 := 15 (fins/in) o p t 
APPENDIX D 
TOTAL ANNUAL COST FOR VARYING ANNUAL 
HOURS OF OPERATION AND ENERGY COSTS 
Note: Total annual cost, CT> is the sum of the 
operating cost at V . and the amortized incremental cost 
opt 
of the condenser coil all on a per ton basis. The annual 
hours of operation and energy cost have been combined. 
Thus, 1.5xl03 (<£/kw-yr) equals 500 (hr/yr) at 3 (<£/kw-hr) 
or 750 (hr/yr) at 2 (<f/kw-hr) , etc. These curves result 
from the use of Equation (45) and (31)-(35) with Tables 1 







n = 6 (fins/in) 
40T 




n = 9 (fins/in) 
X = 2 
A/Qe (£t7ton) A/Qe (ftVton) 
Figure 39. Total Annual Cost versus A/Q for 
l.SxlO3 (<£/kw-yr) ; n 
(fins/in) 
= 6 andc9 
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n = 12 (fins/in) 
40. 














n = 15 (fins/in) 




Figure 40. Total Annual Cost versus A/Qe for 1.5x10' 
(<t/kw-yr); n = 12 and 15 (fins/in) 
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Figure 41. Total Annual Cost versus A/6 for 3-OxlO*5 
(^/kw-yr); n - 6 and 9 (finsfin) 
î 4 
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X = 2 
30 30 
= 15 (fins/in) 
A/Qe (ftVton) A/Q (ftVton] 
Figure 42. Total Annual Cost versus A/Q for 3.0x10' 
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40 
n = 9 (fins/in) 
A/Qe (ftVton) A/Qe (ftVton) 
Figure 43. Total Annual Cost versus A/Q for 4.5x10' 
(<£/kw-yr) ; n = 6 and 9 (fins/in) 
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Figure 44. Total Annual Cost versus A/6 for 4.5x10 
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* 1 1 1 1 1 1 h 
1 2 3 4 
A/Qe (ft
2/ton) 
Figure 45. Total Annual Cost versus A/$e for 6.0xl0
5 












n - 15 (fins/in) 
A/Qe (ft
z/ton) A/Qe (ft. /ton) 
Figure 46. Total Annual Cost versus A/($_ for 6.0xl03 
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X = 4 
70 L, 1 1 1 *• 1 1 t 
A/Qe (ftVton) 
1 2 3 4 
A/0Q (ft
2/ton) 
Figure 47. Total Annual Cost versus A/Qe for 9.0x10 




















n = 15 (fins/in) 
A/QQ (ftVton) A/Qe (ftVton) 
Figure 48. Total Annual Cost versus A/6Q for 9.0xl0
3 
O/kw-vr); n = 12 and 15 (fins/in) 
I l l 
( f ins / in ) n - 9 ( f ins / in ) 
100 
= 2 (in) 
H —• 1 » 1 *-> h 
1 2 3 4 
A/6 ( f t 2 / t on ) 
2 00 -• 
180 •• 
» 1 6 0 " 
•be-
U 
1 4 0 •• 
120 
100 
X = 4 
., 1 , y 1 1 , 1 
1 2 3 4 
A/(3 ( f t 2 / t on ) 
Figure 49. Total Annual Cost versus A/§ for 1.35x10 
(^/kw-yr); n - 6 and 9 ( f ins / in ) 
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200+ 
n = 12 (fins/in) 
200 + 






A/Qe (ftVton) A/Qe (ftVton) 
Figure 50. Total Annual Cost versus A/Qe for 1.35x10 
(<£/kw-yr); n = 12 smd 15 (fins/in) 
APPENDIX E 
OPTIMAL CONDENSER DESIGN CURVES FOR VARYING 
ANNUAL HOURS OF OPERATION AND ENERGY COST 
Note: The optimal design is that which minimizes 
total annual cost. The hours of operation per year and 
•z 
energy cost have been combined. Thus, 1.5x10 ((J:/kw-yr) 
equals 500 (hr/yr) at 3 (f/kw-hr) or 750 (hr/yr) at 












Figure 51. Optimal Condenser Design Curves 
for l.SxlO3 (<£/kw-yr) 
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= 6 ( f i n s / i n ) 
X ( in ) 
Figure 52. Optimal Condenser Design Curves for 
3 . 0 x l 0 3 (tf/kw-yr) 
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4. or 






2 . 0 l 
l . O l 
H • 1 •• 
4 
X ( in) 
= 6 ( f i n s / i n ) 
•n — 9 
•n = 12 
••n = 15 
Figure 53. Optimal Condenser Design Curves 
for 4 . 5 x l 0 3 (<£/kw-yr) 
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n = 6 ( f i n s / i n ) 
n = 9 
n = 12 
= 15 
4 
X ( i n ) 
F i g u r e 54. Opt imal Condenser Des ign Curves 



















Figure 55. Optimal Condenser Design Curves for 
9.0xlQ3 (̂ /kw-yr) 
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n = 6 ( f i n s / i n ) 
n « 9 
n = 12 
n = 15 
Figure 56. Optimal Condenser Design Curves for 
1.35xl04 (t/kw-yr) 
APPENDIX F 
ANNUAL OPERATING COST OF THE OPTIMAL CONDENSER 
CONFIGURATIONS FOR VARYING AIR VELOCITIES 
Note: All configurations with an A/Q opt greater 
than 4.0, as predicted by the curves of Appendix D, have 
been computed at A/Q equal to 4.0 in the following tables 
and are indicated by an asterisk. The savings gained in 
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Table 8. Annual Operating Cost for 3.0x10 ({/kw-yr} 
D = 6 (fins/in) 
X = 2 (in) 
A/Q« . = 3.5 ' <eopt 
X.= 4 (in) 
A/Qe0pt
 = 2'° 
X.- 6 (in) 
A/Q p . = 1.2 5 ' <eopt 
V C oper V 


























n = 9 
X = 2 
A/Qp «. = 3.08 xeopt 
X = 4 
A/Qeopt = 1'7 
X = 6 
A / , ( w -1-07 
V "oper V 
























2 o . L. 5 
26.90 
n - 12 
X = 2 
A/6~ . = 2.75 xeopt 
.X = 4 
A / Q e o p t = 1 . 3 5 
. X = 6 
A/Q p . = 0.92 ^ eopt 
V c 
oper 






















3 5.0 8 
31. 51 
27.02 
n = 15 
A/Qe0^t~^2.4 
X = 4 
A / Q e o p t - 1 . 1 
X = 6 
A/Qp = 0 . 8 < eopt 


























Units: A/Qe t Cft
2/ton); V Cft/sec); C ($/ton) 
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Table 9. Annual Operating Cost for 4.5x10 (£/kw-yr) 
n • 6 (fin.s/in) 
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Table 11. Annual Operating Cost for 9.0x10' (l/kw-yr) 
n = 6 (fins/in) 
X » 2 
<eop1 
(in) 
w = 4.0 
X » 4 (in) 
A/Qe o p t -
 3' 4 
X.= 6 (in) 
A/QP + = 2.3 'xeopt 
V r 
"oper 


























Tl - 9 
X = 2 
* A /^e O T 5 t = 4.0 
X - 4 
A/Q e o p t =3.05 
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 = 4'° 
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 2 A 
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A / ^ _ , 
= 6 
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2/ton); V (ft/sec); CQper ($/ton) 
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Table 12. Annual Operating Cost for 1.35x10 (tf/kw-yr) 
n • 6 CHns/in) 
X = 2 
*A/Qe H ' ccopi 
(in) 
t- 4'° 
X.- 4 Cin) 
*A/Qe o p t ."
 4«° 
X.= 6 Cin) 
A/Qeopt =3.0 
V C oper V 
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X = 6 
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V C V c 
Joper 


























2/ton); V (ft/sec); C Q p e r ($/ton) 
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APPENDIX G 
CAPITAL COST DATA FOR CONDENSER COILS 
Note: Each data point in the following plots 
represents the cost of an individual condenser coil. The 

















Condenser Volume (ft3) 

















Condenser Volume (ft*) 













Condenser Volume (ft"5) 
Figure 59. Capital Cost of Condensers with n = 12 (fins/in) 
APPENDIX H 
DERIVATION OF EXPRESSIONS FOR SYSTEM COEFFICIENT 
OF PERFORMANCE FROM THE FUNDAMENTAL EQUATIONS 
Fundamental Equations 
CD 0C = mC (T2-Tl) 
-2U AXn 
(2) T -T9 = (T -T,)exp( ) 
J re 2 ^ re 1' ^ *- •,-, J 
mCp 
(3) m = pVA (1-nt) 
(4) U = (I + A_ + _î t_ )"1 0 IT A.E ̂ / V ^ I r H^+cj)) 
A£ 
m st p r 2 / 3 = E P r 2 / 3 = -^ 
l ^ J b t F r PVC 2 
P 
b (6) C £ = a/ Re 
(7) W £ c = C£pV
3 XnA/E£( 
(8) COP = 0 /W ^ •* com xe com 
T 
(9) COP = ( — — ) E 
v J com VT _T ^ com 
re re 
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(10) Q = W + Q v J xc com xe 




(12) Be = Jl 
W com 
% 
(13) COP = -
s w +w, +w, 
com fc fe 
I. The derivation of Equation (2) of the fundamental 
equations follows. From an equilibrium energy balance, 
Rate of heat rejected J Rate of heat absorbed 
by the refrigerant in /• = -s by the air passing 
the condenser tubes through the condenser 
On a differential basis this can be written as, 
m C dT = m C dT = -dq (H-l) 
r pr re a p a n v J 
where m is the mass flow rate of refrigerant C is the 
r Pr 
specific heat of the refrigerant, T is the temperature of 
air. From heat transfer theory, 
dq = U (T -T )dA (H-2) 
M o v re aJ o v J 
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From (H-l), 
dT = -dq/m C and dT = -dq/ni C re M r pr a n/ a p (H-3) 
or, 




d(T -T ) re a (H-5) 
m C m C r pr a p 
Equating (H-2) and (H-5), 
•d(T -T ) v re aJ U (T -T )dA o v re aJ o 
m C r pr m C a p 
(H-6) 
Rearranging and integrating (H-6), 
r T_=T 
J 
a 2 d(T -T ) 
,T rCT f dT = -U (— — — 
T -T (T -T ) a o (-* r • r T =I, re a m C m C 
a 1 r pr a p 
) dAQ (H-7) 
which results in, 
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£n (T -T ) 
*• r e &J 
T = T~ a 2 
T =Tn a 1 
, m C 
= -U A [—±- [ - § - 2 _ - 1 ] ] o o • n • n m C in C a p r p r 
(H-8) 
m C 
But 2— equals zero since C is infinite for the condensa-
™ r Pr 
m C l 
r pr 
tion process. (H-8) simplifies to, 
T -T~ -U A 
o„ ( re 2. _ o o 
£I1(T—7T-J " -: 
T̂ -Tn re 1 m C a p 
(H-9) 
or, 
Trc-T2 = (T r c- T l)exp(^) 
m C a p 
(H-10) 
By assumption 5 (page 15) An is the total surface area of 
the fins which is given by, 
A = 2AXn o (H-ll) 
Substituting (H-ll) into (H-10), 
2U AXn 
Trc"T2 = ( Trc- Tl) e*P^T— > m C a p 
(H-12) 
Equation (H-12) is the same as Equation (2). 
II. The fundamental equations are now combined to 
135 
yield expressions for 1/COP . Solving (10) for Q and substi 
S c 
tuting into (8), 
COP = — — - 1 (IH) 
com ^ 
com 
Substituting (11) into (IH), for W and solving for ^fc> 
6 A 
Wfc = UCOP <2H> 
com 
Rearranging (9), 
c o p ™ = T — ^ r — = — T " (3H) 
com T -1 T T 
re re re 1 
E T E T " E 
com re com re com Substi tuting (3H) into (2H) , 
fc 
B Q c x c 
1—
1 H 
T re 1 
E T E com re com 
Substituting (6) into (7), 
(4H) 
Re Efc 
Equating (4H) and (5H) and solving for Q 
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Q = apV3XnA (1 + - ^ - )/Reb3cE£c (6H) 
re 1 
E T " E com re com 
Substituting (3) into (2), 
-2U Xn 
Trc"T2 = ^Trc-Tl)exP^pVCp(l-nt)^ ™ 
Solving (7H) for T2, 
-2U Xn -2U Xn 
T2 - Trc [l-*PCpV(. (;.„tJ)] • TX «»P(pVCp^.nt)) (8H) 
Substituting (3) into (1) , 
0C = pVACp(l-ntKT2-T1) (9H) 
Solving (9H) for T2, 
T2 " pVAyi-nt) + Tl C 1 ° H ) 




Equating (6H) and [11H) and solving for 3 , 
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apV3XnA(l + — T ) 
r e  
E T " E 
0 _ com r e com ,-, nu^ 
3 C " _2U Xn U2HJ 
E f c R e
b p V A C p ( l - n t ) ( T r c - T 1 ) [ l - e x p ( p V C ^ 1 , n t j ) ] 
D i v i d i n g t h e n u m e r a t o r and d e n o m i n a t o r of (13) by W„m . & \ J / co  
6 /W x e com 
IV Wr Wr 
com + fc + fe 
W W W com com com 
S u b s t i t u t i n g ( 8 ) , ( 1 1 ) , and (12) i n t o (13H) , 
(13H) 
COP = COP /(1+3 +3 ) (14H) 
s com' *• c e 
Substituting (3H) into (14H) and inverting, 
cw- = Cr^f - - E-i-)ci-ec-6e) cisH) 
s com re com 
Substituting (12H) into (15H), 
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T 
1 a (_ re . 1__̂  
rop" C E — T — E — J x 
s com re com 
aV 2Xn(l + -ijr 
re _ 1 
[1+Se+




aVZXn(l + g — ^ E-^-) 
1 _ com re com 
EfcRe
bCpCl-nt)(Trc-T1)[l-exp(pVC^1,nt))] 
+ (l + Be)[E
 rT - w-i-] (17H) 
com re com 
Equation (17H) is equivalent to Equation (14) of Chapter II. 
U in (17H) is now evaluated. Substituting (6) into (5) and 
solving for h, 
apVC 
H = ^-7TS ^18H^ 
2ReDPr^/:> 
Rearranging (4), 
u o " •: — — T — f19H^ 
I [1 + lit] + - O 
K Ti t + . A.K 
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Substituting (18H) into (19H), 
Uo • 7 R b p 2 /3 A " ^ 
2Re Pr ' n l - 4 > n o 
a^ v cp [1 *c] rr 
^ r-+4> 1 r 
iMultiplying numerator and denominator of (20H) by apVC , 
apVC 
Uo = P apVC A ( 2 1 H ) 
2RebPr [1 + ^L±\ + R-° 
*+/ A.IT 
When (21H) is substituted into (17H) the term in brackets 
associated with exp in Equation (17H) becomes, 
k = __ axn/d-nt) (22H) 
Re* Pr2/3 fl + 1:1] +
 aPVCpAo 
Af 
Equation (22H) is the same as (15) in Chapter II where k is 
the term associated with exp in (17H), exp(-k). 
To obtain Equation (16) in Chapter II T is eliminated 
from (17H). Substituting (9H) into (10) 
Wcom + ̂ e = PVAC (l-nt)(T -Tl) (23H) 
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Dividing (23H) by Q and using (8), 
CUF com 
Solving (24H) for A/Qe, 
1— + 1 = pVAC (l-ntD(T2-T1)/Qe (24H) 
+ 1 
Q pvcpci-ntKT2-T1) (25H) 
Substituting (3H) and (8H) into (25H) for COP Qm and T2, 
re 1__ , 
A _ com re com r7&u*\ 
^ ' PVC Cl-ntJCT^-T^H-expC-kjJ (Z6HJ 
where k is given by (22H). It is seen that in (26H) as 
T -*T, for fixed T and Q that A+°°. This is used in the re 1 re xe 
fourth conclusion reached in the discussion of the ideal 
heat exchanger in Chapter II. Solving (26H) for T , 
T - T f A T T W ^-Ecom^PVCpEcomTltl-^P(-k)3 
re re "• A 1 i J 
. ,,e ... -pVC E T [l-exp(-k)] AXl-nt) p com reL ^v JJ 
(27H) is now substituted into (17H). In order to simplify 
the equations define the following, 
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S =
 E R e T l - n t T '
 B = ^""W- U ' * T T W ; L l " P C p E c o m T r 
fc L J 
L = pC E T S u b s t i t u t i n g t h e s e d e f i n e d t e rms i n t o (17H) 
e K p com r e 6 v-
and (27H) and t h e n s u b s t i t u t i n g (27H) i n t o (17H) , 
9 , u ( l - E 1-VL-.B 
SV2[1 + ^ - ( „ _ v H ' - 1 ) ] , E l u-VL B 
1 _ com e 
C W - T u ( l - E n J-VL,B 
s u r T r r e r com-
1 1 ^ -. -, 
B Cp 1 [TT-<- u-VL B J " 1 ] 
r 1 e 
(1+6 ) u ( l - E )-VL,B 
^ eJ ( ^ conr 1 -
~E l u-VL B -
com e 
M a n i p u l a t i o n of (28H) y i e l d s , 
SV3[L (1-E ) - L , ] L e^ com7 1 J 
COP Tj TI 
C T E [ u ( l - E - ? F i - ) + V B ( ^ L -L-.) 
p r e corn1 *- com T J M e l 
r r e r e 
BV(L -L,)-uE 
^ e 1 com 
v.. ._ 1 comv e 
(28H) 
+ < 1 + V y (n-VL I] (29H) 
Replacing S, u, B, L,, L with their values several terms 
will cancel yielding the following expression, 
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1 _ aXnV3pA 
^ EfcRe*X 
(l.^£)[l-exp(-k)] + p V C T ° A ( 1 . n t ) 
• ( i + e e ) î ĵ  E ^ L ( 3 0 H ) 
Ecom T p [ l - « P ( - k ) l - pvc T ^ A d - n t ) 
where k is given by (22H). Equation (30H) is the same as 
Equation (16) of Chapter II. 
An expression for 3 can be obtained by substituting 
(27H) into (12H). Using the same defined quantities S, u, 
B, L-., L , as before, the following is obtained, 
•aXnpV3A 
v= c " ; b - >* 
:£c 
'Ê '-Re" & 
T Q 
Ecom T ~ [l-exp(-k)] - p V C <A(l-nt) 
( T—-1 r ^ ) (31H) 
(1-^Hl-expC-k)] • p V C^ A ( 1. n t ) 
where k is again given by (22H). 
Equations (31), (32), (34), and (35) stem from (30H). 
For the laminar solution, (31) and (32) the value of k changes 
as E" is corrected for entrance effects as given by Equation 
(30), Chapter II. Similarly for the turbulent solution, 
Equations (34) and (35), where E is adjusted for entrance 
effects by (33). 
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